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1. INTRODUCTION 
Although the Leray-Schauder theory of topological degree [9, 7, 2, ll] 
is a powerful tool for work in nonlinear analysis, there are obstacles to its 
application. Two of these are: first, the degree theory provides only existence 
information, not information about the actual number of solutions of the 
corresponding equation; second, it is generally difficult to compute the 
Leray-Schauder degree of a given map. Our purpose here is to describe 
some methods for overcoming these obstacles. 
We show in Section 2 that if the map is differentiable, the degree is (with 
certain exceptions) a lower bound for the actual number of solutions of the 
equation, and with this result we prove an in-the-large implicit function 
theorem. In Section 3 we show that the degree of a corresponding map in a 
complex linear space is (again with certain exceptions) an upper bound for the 
number of solutions of the given equation. The results in Sections 2 and 3 
are known for the Brouwer degree of maps in Euclidean space [2, 31 and we 
obtain the analogous results for the Leray-Schauder degree by using 
Smale’s [13] infinite-dimensional version of Sard’s Theorem. The crucial 
statement in Section 2 is Lemma 2 which is a special case of Smale’s theorem. 
(Actually this special case follows from earlier work. See [4].) Lemma 3 
in Section 2 is also closely related to Smale’s work. See [13, p. 8661. 
In Section 4 we study nonlinear integral equations and reduce the problem 
of computing the Leray-Schauder degree to a finite-dimensional problem by 
using Bernstein polynomials. Then the results of Section 3 are applied to 
obtain an upper bound for the number of solutions of certain nonlinear 
integral equations (Theorem 3). 
* This research was supported by the U.S. Army Research Office (Durham) 
(DA-ARO-D-31-I24-G784). 
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2. AN IN-THE-LARGE IMPLICIT FUNCTION THEOREM 
LEMMA 1. If f is a map from an open subset of a Banach space B into itserf 
such that f = I + F where I is the identity and F is completely continuous and 
if f has a derivative f ‘(x) at a point x E B, then 
f’(x) = 1 + C, 
where C is linear and completely continuous. 
PROOF. This follows by a straightforward argument from the definition 
of derivative. See Krasnosel’skii [7, pp. 135, 136, Lemma 4.11. 
LEMMA 2. Let U be an open set in a separable Banach space B and f a 
map from U into B such that: 
(i) f has a dzzerentialf ‘(x) at each point x of U. 
(ii) f = I + F where I is the identity map and F is completely continuous. 
Let A be the set 
A = {x E U 1 f’(x) does not have an inverse}. 
Then f (A) is a set of Jirst category. 
PROOF. Since, by Lemma 1, f’(x) = I + C, then f ‘(x) has an inverse if 
and only if x is a regular point as defined by Smale [13, p. 8611. By Lemma 1 
and the Riesz theory, f is a Fredholm map of index zero [13, p. 8611. Thus 
Lemma 2 is a special case of [13, Theorem (1.3)]. (Lemma 2 also follows 
from [4, p. 212 ff.].) 
LEMMA 3. Let f be the map in Lemma 2. Let V be a bounded open set such 
that v C U and suppose that y ~f( V) is swh that the Leray-Schauder degree 
d[f, v’,rl ’ dJi d 1s e ne i.e., suppose y $ f (v - V). Then if N is a su$iciently small 
neighborhood of y, there is a set K of first category such that KC N and such 
that ifyl E N - K then [f -l(yl)] n V is a finite set at each point of which thk 
derivative f ‘(x) has an inverse. And the sum of the topological indices of the 
points in [f -‘(yl)] n V is equal to d[f, v, y]. (Thus the number of points in 
[f -‘(yl)] n V is greater than OY equal to 1 d[ f, v, ~11.) 
PROOF. Since d[ f, v, y] is defined, there exists a neighborhood N of y 
such that N n [f (7 - V)] = 4. Then if y. EN, 
d[f, v, rl = d[f, r, rol- 
Let 
A = {x E V 1 f’(x) does not have an inverse} 
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and let K = N nf(A). Ify, E N - K and if x if-r(yr), thenf’(x) is injective 
and thereforefis injective in some neighborhood of X. It follows, by using the 
fact that f/V is proper (the inverse image of a compact set is compact), that 
f -l(yr) is a finite set x1 ,... , x~,~ . Since f ‘(XJ (J’ = l,..., m) is injective the topo- 
logical index off at .vj , denoted by i[j, xi , yJ, is + 1 or - 1. (See [9] or 
[7, p. 1331.) Hence 
d[f, r,:yl = f sign{i[f, x5 ,Y& 
j=l 
In-the-large implicit function theorem 
Let the function 
M(x, y) = I(x) + F(% Y) 
have domain U x N, where U is an open set in B, a Banach space, and N is 
an open neighborhood of 0 in B, and let range of M be in B. Suppose that M is 
continuously d@rentiable in U x N (see Dieudonne [5, p. 16711, and that the 
function F(x, 0) (with domain U) is compact. Let V be a bounded open set in B 
such that r C U and suppose that d[l(x) + F(x, 0), F, 0] is dejned and 
1 d[l(x) + F(x, 0), r, 0] / = m > 0. 
Then there is a neighborhood N of 0 in B and a set K of jrst category such that 
tf w E N - K, then the equation 
4x) +F(x,y) = w 
has a jnite set of families of solutions xl(y),..., x,(y), where q > m, and each 
family X,(y) is a continuously differentiable function of y in a nesghborhood Ni of 0 
where Nj C N. The range of each of the functions xl(y),..., x*(y) is contained in 
V and the ranges are pairwise disjoint sets. 
PROOF. By Lemma 3, there exist a neighborhood N of 0 and a set K of 
first category such that if w E N - K, then (writing M(x, 0) = A!&,) x)) the 
set M;l(w) is finite and at each point x E &&l(w) the differential of M,, has an 
inverse. By the implicit function theorem (see DieudonnC [5, p. 2651) the 
conclusion of the theorem follows. 
REMARK. This theorem says that in some sense (i.e., if we vary the terms 
arbitrarily slightly) there are no branch points. 
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3. DEGREE As AN UPPER BOUND FOR THE NUMBER OF SOLUTIONS 
Let B be a real Banach space and I + F a map from an open set U of B 
into B such that I is the identity, F is completely continuous, and I + F 
is differentiable at each point of U. Let .6Z? = B x B and for (x, y) E 9, 
define the norm of (x, y) as max(jj x // , // y II). With this norm and the usual 
algebraic operations, g is a Banach space over the reals. We denote the 
usual norm-preserving isomorphism from B x (0) onto B by J. (9 is the real 
linear space underlying the complexification R, of B. B, is a Hanach space, 
e.g., under the norm /I (0~ + $3) (x, y) 11 = ((Y? + /I?+)~~~ max(ll x II , [Iy II). 
See Bachman and Narici [l, p. 21 ff.] and Dieudonne [5, p. X8]. We avoid 
formal use of the complex linear space because the topological degree is 
defined for maps in a real linear space. Hence in working with the degree we 
must use the underlying real linear space.) We assume that there exists 
a map J + 9 with domain U x U in 9 and range g and satisfying the 
following conditions: 
(H-l) 3 is the identity map on a and 9 is completely continuous; 
(H-2) (3 + CF) (x, 0) = ((I + F) x, 0) 
(H-3) Y + .F is differentiable at each point of U x U and if 
(.qy)eU~ UandIfC, is the derivative of I + F at u (see Lemma 1) 
and if D, = C, - C, , then the derivative of 9 + 9 at (u, v), denoted 
by 3 + E(,I,Y, , is defined by: 
(9 + V(u,v)) (x, y) = ((I + C,) x - D,y, (I + G)Y +- W. (1) 
LEMMA 4. If I + C, is injective, then 3 + %?(u,o) is injective. 
PROOF. Follows at once from (1). 
LEMMA 5. If 9 + ‘Z,,,,, is injective, then the Leray-Schauder degree of 
4 + GTT~~,~) at 0 and relative to a closed ball S with center at 0 is + 1. 
PROOF. Let (a + 8) oh,,) denote the transformation defined by: 
(a + $3) V(,,,) : (.r, Y) -+ (4~ - oJ),y - W,Y - @DA 
KS - B&Y + &Y + d,x). 
Then (a + $3) %‘~u.u) is a linear completely continuous map from S? into a’. 
The point spectrum of +?tu.u) regarded as a linear completely continuous map 
from B, into itself is countable and 0 is its only limit point (see, e.g., [l, 
p. 2991). By hypothesis, the number - 1 is not in the point spectrum of 
%‘(u,V) . Hence there is a smooth path P in the complex plane from 0 to + 1 
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such that if a + $3 E P, then 9 + (a + z;B) V(a,v) has an inverse. If the path 
P is described by 
P : z = g(t) + ih(t) t E [O, I], 
where g, h are continuous on [0, 11, then 
is a homotopy under which the Leray-Schauder degree at 0 and relative to S 
remains invariant. Hence 
43 + V(,,,,, , s, 01 = 49, s, 01 = + 1. 
THEOREM 1. If Y is a bounded open set in B such that 9 C U x U and 
if the Leray-&hat&r degree d[Y + S, Q, 0] (which will be denoted @ d) 
is defined, then : 
(i) d > 0 and if 0 E (9 + 9) (Y), then d > 0; 
(ii) there is a neighborhood M of 0 and a set S of jkt ckegory such that 
X C M and such that if (u, v) E .M - X, then the equation 
(9 + 9) (GY) = @, 4 (2) 
has exactly d solutions in Y. If (u, w) ET, the set of solutions of (2) in V” is 
infinite OY has m elements where m < d. 
PROOF. By Lemma 3, the sum of the topological indices of the solutions 
of (2) is d. But by Lemma 5, each topological index has the value + 1. 
If (% 1 ~a) E X and the set of solutions of (2) has m elements 
(x1 , yr),..., (xm , y,J where m > d, then each (xi , yi) is an isolated (11s , us)- 
point. Hence the topological index of I + F at each (xi , yi) is defined and is 
positive by Schwartz [12, p. 2571. Th e sum of the topological indices is 
greater than or equal to m. But the sum of the topological indices equals d. 
Contradiction. 
THEOREM 2. If d[Y + 9, ,f, 0] is defined, there exists a neighborhood 
N of 0 in B and a set K of Jirst category sub that KC N and such that if 
y E N - K, then the number of solutions of the equution 
(IfF)x =y (3) 
in the bounded open set V = J[B x (0}) n 9-1 isfinite and is less than OY equal 
tod[Y+9,7,0]. 
PROOF. Suppose (x, 0) E 9 - V. Since d[Y + .F, 9, 0] is defined, 
then (9 + 9) (x, 0) # 0. Since 
(.f+F)(x,o) =(I+F)x,O), 
USING LERAY-SCEIAUDER BEGWE 419 
then 
Hence d[I + F, I’, O] is defined. Applying Lemma 3 to I + F we conclude 
that there exists a neighborhood N of 0 in B and a set K of first category 
such that if y f N - K, then [(I -r F)-‘y] n 1: is a finite set of points 
{ ,..., x,,J and the derivativef’(.r,) is injective for j = l,,.., m. By Lemmas 4 
izd 5, the points (xi , 0) are isolated points in [(S + 9)-l (0)) n Y and the 
the topological index of 4 -t 9 at (.rj , 0) is -+ 1 for j :- I ,..., nr. Thus there 
are pairwise disjoint open sets 8, ,..., LG,,, in 9 such that for j = I,..., m, 
ir; C 7’- and 
Cj n [(X + SE-)--l(O)] = &.,O). 
Let R = [(Y t .9)-l (0)] n P- - UE, ((Xj , 0)). If (x,-y) E R, there is an 
open neighborhood V(s, y) of (x, y) such that V(x, y) C P‘ and such that 
[C'(X, y)] n 6'j = 4 (j = I,..., m). 
Let ,YY = U~z.y)ER I/(X, y). By a basic property of topological degree 
d[Y + 9, Y+ O] E f d[Y + 8, @j 3 0] + d[9 + Fl @, 01. 
j-1 
Since 
d[9 + .S-=, flj , O] = + I 
for j = l,..., m, and since by Theorem I, 
d[Y3-=F, CO] 30, 
it follows that 
m ,< d[Y + S-,4,0]. 
REMARK. Even if 
d[.Y + 9, ‘P, 0] > 0, 
it may happen that (3) has no solutions in the set V, i.e., all the solutions 
of (3) may be “complex,” 
4. APPLICATION TO INTEGRAL EQUATIONS 
Let C denote the Banach space of functions x(t), real-valued and continu- 
ous on a closed interval D = [a, b} of the real line R, with the usual norm 
II x II = y$* I e> I - 
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Let K(s, t, u) be a real-valued continuous function on D x D x R. Then the 
transformation K defined by 
K : x(t) + 1, k[s, t, .+)I dt 
is a transformation from C into C and if A is a bounded closed subset of C, 
then K/A is a compact transformation. (See Krasnosel’skii [7, p. 32 ff.]. 
K is sometimes called a Urysohn operator.) We study the Leray-Schauder 
degree of transformation I - K to obtain information about the solutions 
x(t) of the equation 
x(s) - j k[s, t, x(t)] dt = 0. 
D 
(1) 
Suppose there is a positive number M such that (1) does not have a solution 
x(t) with I( x(t) I( = M. Let 
S = [x E C / 11 x /( < M]. 
The Leray-Schauder degree d[l - K, S, 0] is defined and since K/S is com- 
pact, the set 
W - K) x II I II x II = W 
has a positive minimum r. 
In order to compute d[I - K, S, 01, we notice first that the set K(S) is 
uniformly bounded and uniformly equicontinuous on D. Hence given 
y(t) E K(S), there is a Bernstein polynomial p,,(t) of degree n such that 
II p,(t) -r(t) II < + 9 (2) 
where n depends only on r. (See, e.g., NIcShane and Botts [13, pp. 87-891.) 
Let B, be the transformation defined by 
Bn : r(t) -MO. 
From the definition of the Bernstein polynomials, it follows that B, is a 
linear continuous transformation from K(S) into C. Hence the transforma- 
tion K, defined by K,, = B,K is continuous. Let L be the (n + l)-dimen- 
sional subspace of C consisting of polynomials of degree less than or equal 
to n. From (2) and the definition of Leray-Schauder degree, it follows that 
if K,L = K,/L and IL is the identity map on L, then d[IL - KnL, L IT S, 0] 
is defined and is equal to d[I - K, S, 01. 
In order to compute d[IL - K, , L L n S, 01, we make the following 
additional assumption. 
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ASSUMPTION 1. Assume there exist real-valued functions gr(s),..., g,(s), 
h,(t),..., h,(t), all continuous on D, and a polynomial F(t) of degree m such 
that 
lub 
Ilx(t)ll=M 1) j, /& t, 4tll - [i &G> W] F[wI/ dt I/ < +. j=l 
Then if ff is the transformation defined by 
R : x(t) 4 jb [i gj(s) hj(t)] F[x(t)] dt, 
cl j=l 
it follows that d[l - ff, S, 0] is defined and is equal to d[I - K, S, 01. Thus 
our problem is reduced to the study of d[I - K, S, 01. 
Now there is an integer 71 such that for each r(t) E R(s), there is a Bernstein 
polynomial p,(t) of degree n such that 
IIrW -M> II < $ - 
We find IL - EL explicitly as follows. Suppose p(t) is a polynomial of degree 
n such that p(t) EL n S, and 
Then 
p(t) = up + up-1 + .** + a,-,t + a,. 
~=W)l = jb [i &) W] WWI dt a j=l 
where each PI is a polynomial of degree mj in a,, , a, ,..., a, , where m, < m. 
If the Bernstein polynomial of degree n associated with g,(s) is 
bOjP + bljP--l + *** + b,-,,s + bnj , 
then from the definition of the Bernstein polynomials, it follows that the 
Bernstein polynomial of degree n associated with k%[p(t)] is: 
2 [b& + hP-l + --* + Ll*jS + Ll [PA% 9 a, ,.**> an)] 
j=l 
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Thus the map IL - K,,= i s, in this case, the map from (n + I)-space into 
(n + I)-space described by: 
IL - ic,” : a, - a, - 5 b,jPj(uo , u1 )..., a,) (s = 0, l)..., n). 
j-1 
The original problem has become, in more conventional notation, the study 
of the degree d[r, u, 0] which is assumed to exist and where D is a closed 
ball with center at the origin in RY and radius Y, and y is a map from RY into 
itself defined by: 
where 
y : (x1 )..., A-,) --+ (.( ,..., .q, 
THEOREM 3. There is a neighborhood N of 0 in the space C and a set 
K C N such that K is of jkt category and such that if$(s) E N - K, then the 
equation 
X(S) - i h[S, t, x, (t)] dt = d(S) (3) 
‘D 
has at most mow solutions in S where 
If&s) E K, then the set of all real OY complex solutions of (3) is infinite or has m 
elements where m < may. 
PROOF. If we substitute x(t) f iy(t) for x(t) in X[x(t)] and separate real 
and imaginary parts, we obtain a map X from C x C into C x Cwhich 
satisfies conditions (H-l), (H-2), (H-3). Hence by Theorem 1 and 2, it is 
sufficient to show that the map 9 of Rzy defined (in complex notation) by 
where 
3 : (zl ,...) z,) - (z; ,..., z:), 
n 
z; = x, - 2 b,P& ,..., z,), 
j-l 
(s = I,..., Y), 
has degree less than or equal to mov, i.e., 
d[%, a, 0] < m,,‘. 
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where a is the closed ball in R2” with center 0 and radius r. We may write 
z, - i b,,Pj(Zl )..., 2,) = u’“‘(z1 )..., zy) + d&l ,..., z,) (s = l)...) Y), (4) 
i=l 
where u(s) is a polynomial homogeneous of degree ps, where ps < m, , in 
z1 ,-me, z, and u: is a polynomial in zi ,..., z, of degree less than pFLs . By varying 
the coefficients in the polynomials (4) arbitrarily slightly, we may obtain 
polynomials 
t&z1 ,...( Z”) (s = I,..., Y), 
where ~68) is homogeneous of degree ps in zr , . . . , zV and such that the resultant 
9? of the polynomials ~(i;,..., U(Y) IS nonzero. Also since the coefficients in 
U(l) I-**, U(V) are changed arbitrarily slightly to obtain the polynomials 
up ,..., z@), then the map 
2r : (zl )..., Z”) -+ (z; )..., z:) 
defined by 
z; = @)(Zl ,..., Z”) + UZ(Zl ,..., Z”) 
has the same degree as 9, i.e., d[Z, u, 0] = d[9?, u, 01. Let the map 
SF1 : (zl )...) z,) + (zy )..,) z,(l)) 
be defined by 
(1) 
Z, = zp(zl ,..., z). 
Since 9%’ f 0, then if CT is any closed ball in R2” with center 0, 
d[Z, , a,01 = I;r,Yzlps d LISy=lms d may. 
(See [2, p. 451.) 
By standard higher order arguments (see, e.g., [2, pp. 41-421) it follows 
that if 9’ is a closed ball in R2” with center at 0 and sufficiently large radius, 
then 
d[X, 9, O] = d[=q , 9, 01. 
Take Y such that 9’ 3 U. Then 
d[.%@, 9, 0] = d[#, u, 0] + d[.%@, 9, - Int a, 01. 
But d[&‘, 9, - Int u, 0] > 0. (See, e.g., [2, p. 461.) Hence 
d[X, u, 01 = d[Z, 0, 0] < d[.W, ,4a,O] = d[Z, , 9, 0] < rni . 
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